The group of almost Riordan arrays contains the group of Riordan arrays as a subgroup. In this note, we exhibit examples of pseudo-involutions, involutions and quasiinvolutions in the group of almost Riordan arrays
Introduction
Since the initial paper [8] defining the Riordan group, there has been interest in studying involutions, pseudo-involutions and quasi-involutions [3, 4, 5, 6] associated to this group. In this note, we take a look at involutions, pseudo-involutions and quasi-involutions associated to the related group of almost Riordan arrays [1] .
In this first section, we recall the definition of the Riordan group, and in the next section, we recall the definition of the group of almost Riordan arrays (of order 1, initially). We then proceed to look at involutions, pseudo-involutions and quasi-involutions associated this group.
We define F r to be the set of formal power series of order r, where F r = {a r x r + a r+1 x r+1 + a r+2 x r+2 + . . . |a i ∈ R} where R is a suitable ring with unit (which we shall denote by 1). In the sequel, we shall take R = Z. The Riordan group over R is then given by the semi-direct product
To an element (g, f ) ∈ R we associate the R-matrix with (n, k)-th element
This is an invertible lower-triangular matrix. We shall also use the notation (g(x), f (x)) to represent this matrix. . We have
We shall confine ourselves to the subgroup
1 , where g(x) ∈ F
0 ↔ g 0 = 1, and f (x) ∈ F
1 ↔ f 1 = 1. This ensures that all elements of (g, f )
−1 are in R, where
,f .
Here,f (x) is the compositional inverse of f (x). The multiplication in the Riordan group is specified by
The element I = (1, x) is the identity for multiplication. The fundamental theorem of Riordan arrays says that if
Almost Riordan arrays
We have shown [1] that if we define
then aR(1) is also a group, called the group of almost Riordan arrays (of order 1). In this case a(x) is the generating function of the initial column of the almost-Riordan array. Such a matrix then begins    
Here, the Riordan array (g(x), f (x)) begins
Elements of aR(1) are called almost Riordan arrays of the first order.
We recall that the product in the group of almost Riordan arrays (of first order) is given by
where the fundamental theorem of almost Riordan arrays tells us that
The inverse in aR(1) is given by
,f ,
To the almost Riordan array (a; g, f ) we associate the matrix M with
We can identity the normal subgroup of elements of the form (a; 1, x) with F 0 , and hence we have aR(1) = F 0 ⋊ R. 
Whilst all matrices in this note are of infinite extent for n, k ≥ 0 (except for the last section) we display only indicative truncations.
2 Pseudo-involutions in the group of almost Riordan arrays of first order
We letĪ = (1, −x). We haveĪ 2 = I. We say that (g, f ) ∈ R is an pseudo-involution in the Riordan group if ((g, f )Ī) 2 = I. The matrix corresponding toĪ is the diagonal matrix with diagonal (1, −1, 1, −1, . . .). We shall say that (a; g, f ) ∈ aR(1) is a pseudo-involution in the group of almost Riordan arrays (of order 1) if (MĪ) 2 = I, where M is the matrix associated to (a; g, f ). Equivalently we require thatĪMĪ = M −1 . We then have the following proposition.
Proposition 2. The almost Riordan matrix
is a pseudo-involution in the group of almost Riordan arrays.
We note that the corresponding matrix M coincides with the binomial matrix 
Proof. We must show that the initial column of the inverse matrix is (1, −r, r, −r, . . .)
T , with generating function 1 − r 1+x
. The "interior" elements are taken care of by the fact that the Riordan array
is a pseudo-involution in the Riordan group. Now since
We have
,f a(x)
The inverse matrix thus begins . We have in this case that
We shall use the notation
A r = 1+x(r−1) 1−x ; 1 (1−x) 2 , x 1−x .
Proposition 3. We have
Corollary 5. For each r = 1, the matrix A r generates a subgroup of pseudo-involutions in the group of almost Riordan arrays of first order.
We note that we have 
Following [1] , we can define the inverse of a 4-tuple as follows.
where
and where
Example 6. We define an element of aR(2) by
. The corresponding matrix M is then defined by
Thus the matrix M begins (2) is a pseudo-involution.
Proof. We have
which expands to give 1 − 2, 2, −2, . . ..
We then obtain that
It is possible to extend this result to higher orders. For instance, we can consider the almost Riordan array of third order defined by
. The corresponding matrix has 
Involutions in the group of almost Riordan arrays
Let R = (g(x), f (x)) be an ordinary Riordan array of order 2, which means that R 2 = I. We call such a Riordan array R an involution. Multiplying R with itself, we get
which gives us f (f (x)) = x, and g(f (x)) =
. Searching for involutions among the almost Riordan matrices, we suppose that we have the involution (a; g, f ), so we want
The same conditions as in the case of the involutions of (4), are satisfied for the internal generating functions g and f of (5), while for the initial column on the left, we have that
which has to be equal to 1. According to the definition of an almost Riordan array, the generating function of the initial column a(x) is an F 0 − power series, while g(x) ∈ F 0 , and
A first result is the following.
Proof. We have a(x) = 1 and thus
as required.
, we get a power series in F 0 , and Eq. (6) becomes
Applying the conditions of (4), we have that this is equal to 1. Hence, we have proven the following proposition.
Proposition 9. Let (g(x), f (x)) be an ordinary Riordan involution, then the almost Riordan array (a(x); g(x), f (x)) is also an involution if a(x) =
For the Riordan family of subgroups which are solely defined by their second generating function f , Y f [r, s, p], we only need the condition f =f , as the g function depends on f [2] . , f (x) , which corresponds to the matrix
which is an involution, as f =f . Now, the almost Riordan matrix which contains υ f [1, 1, 1] and it is also an involution will be 
We note that in the general case, the almost Riordan array
; g(x), f (x) is in fact a Riordan array. It coincides with the Riordan array
, f (x) . Iterating, we see that if
is an involution in R, then so is
Corollary 12. Let (g(x), f (x)) be a Riordan involution. Then
Quasi-involutions in the group of almost Riordan arrays
We consider the quasi-involution [5] (g(x), xg(
The corresponding matrix begins 
We say that when an aerated matrix has an inverse with the same elements as the original matrix, except that the signs change on alternate non-zero diagonals, then the matrix is a quasi-involution. A Riordan array (g(x 2 ), xg(x 2 )) is a quasi-involution if its inverse is given by (g(−x
2 ), xg(−x 2 )). This will be the case if and only if the Ω 1,1 -sequence of the array satisfies Ω 1,1 (x) = 1 Ω 1,1 (−x) [5] . For the matrix above, we have Ω 1,1 = 1+x 1−x . Proposition 13. If we replace the initial column of the Riordan quasi-involution matrix
with the sequence
where α, γ, ǫ, η, . . . are arbitrary, and we have β = 3γ, δ = −32α + 7γ, ζ = 1200α − 224γ + 11ǫ, . . ., then we get a quasi-involution in the group of almost Riordan arrays.
Note that when α = 2, γ = 22, ǫ = 394, . . ., we obtain the original matrix.
Proof. The "interior matrix" that begins 
2 , xg(x)) which is known to be a quasi-involution since (g(x), xg(x)) is. Thus the matrix above is an almost Riordan array of the first order. We must now only show that the signs of the elements of the initial column of the inverse of the matrix described above agree with those of the original matrix, except for changes of sign on alternate nonzero positions. Now the elements above α, γ, ǫ have been calculated iteratively to make this so. 
Note that this proof is valid only for finite Riordan arrays. Then we can substitute the above sequence for the initial column.
